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0 Introduction
Lie algebras endowed with an invariant bilinear form are important objects in Lie theory
and mathematical physics. A Lie algebra endowed with a non-degenerate, symmetric,
invariant bilinear form is called a metric (or quadratic) Lie algebra. Examples of metric
Lie algebras are semi-simple Lie algebras with an invariant bilinear form given by the
Killing form, due to the Cartan’s criterion. However, there are still many metric solvable
Lie algebras although their Killing forms are degenerate. Thus, it seems not easy to
classify metric Lie algebras, even in low-dimensional case. Recently, the classification of
low-dimensional complex metric Lie algebras and their real forms of dimension ≤ 6 was
given by A. Fialowski and M. Penkava [5].
In the study of metric Lie algebras, an effective method to construct them is by double
extension, which can be regarded as a combination of central extension and semi-direct
product, introduced by V. G. Kac [16] for solvable Lie algebras. Metric Lie algebras were
described inductively, based on double extensions, by A. Medina, P. Revoy in indecom-
posable, non-simple case [14] and by G. Favre, L. Santharoubane in non-trivial center case
[15]. Another interesting method is T ∗-extension which can be regarded as a semi-direct
product of a Lie algebra and its dual space by means of the coadjoint representation,
introduced by M. Bordemann [17]. M. Bordemann proved that every finite-dimensional
nilpotent metric Lie algebra of even dimension can by obtained by a T ∗-extension. How-
ever, T ∗-extension does not exhaust all possibilities for constructing metric Lie algebras
of even dimension. In fact, for the case of dimension ≤ 6, there is only one class of
non-Abelian metric Lie algebras which can be obtained by a T ∗-extension [5].
H. Benamor and S. Benayadi generalized the notion of double extension to metric Lie
superalgebras by considering supersymmetric invariant bilinear form and proved that ev-
ery non-simple indecomposable metric Lie superalgebra with 2-dimensional odd part is
a double extension of a one-dimensional or semi-simple Lie algebra [1]. It also holds for
the metric Lie superalgebra with 2-dimensional even part [2]. In the past years the study
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of metric Lie superalgebras became intensive. Many classes of metric Lie superalgebras
have been studied [2, 18, 19]. Different from what happens in the Lie case, the Killing
form is not always non-degenerate on a semi-simple Lie superalgebra. So it becomes more
difficult to classify metric Lie superalgebras, even for semi-simple cases. An interesting
fact that any indecomposable non-simple metric Lie superalgebra of dimension ≤ 6 is a
double extension of a 1-dimensional Lie algebra. A classification of indecomposable metric
Lie superalgebras with dimension ≤ 6 was obtained in [6]. However, there are no results
for deformations of metric Lie superalgebras even in low-dimensional cases. For a metric
Lie superalgebra, an interesting question is which deformations are metric.
The aim of this paper is to study deformations for some classes of metric Lie superalge-
bras. In Section 1, we recall the basic definitions and results for metric Lie superalgebras.
In Section 2, we recall the cohomology and deformation theory for Lie superalgebras and
discuss the deformations for metric Lie superalgebras in Abelian, simple Lie superalge-
bras with the non-degenerate Killing form, and trivial extensions of the semi-simple Lie
algebras. In Section 3, we compute deformations for the metric Lie superalgebras with
dimension ≤ 6 and show which ones are metric among these deformations. Throughout
the paper, the ground field is supposed to be the complex field C.
1 Metric Lie superalgebra
In this section, we recall the basic facts for metric Lie superalgebras, introduced in [1, 2].
We also introduce the notion of double extension and give some examples.
1.1 Structure of metric Lie superalgebras
Recall that a Lie superalgebra g = g0¯
⊕
g1¯ is a Z2-graded algebra whose multiplication
[ , ] satisfies the skew-supersymmery and super Jacobi identity, i.e.
(−1)|x||z|[[x, y], z] + (−1)|y||x|[[y, z], x] + (−1)|z||y|[[z, x], y] = 0,
for any x, y, z in g [8, 10]. For a homogeneous element x ∈ g0¯
⋃
g1¯, write |x| for the Z2-
degree of x. Call an ideal of a Lie superalgebra a Z2-graded ideal. Call a homomorphism
between superalgebras the one that preserves Z2-grading. The definition of solvable Lie
superalgebras is the same as for Lie algebras. A Lie superalgebra g is called simple (semi-
simple) if g is not Abelian and does not contain nontrivial (solvable) ideals. Recall that a
bilinear form B on a Lie superalgebra g is called invariant if
B([x, y], z) = B(x, [y, z])
for any x, y, z in g. Due to the Cartan’s criterion, there always exists an invariant
bilinear form on a semi-simple Lie algebra. Unfortunately, it is not true for semi-simple
Lie superalgebras. Moreover, the following definition of metric Lie superalgebras can be
viewed as a generalization of semi-simple Lie algebras to Lie superalgebras.
Definition 1.1. [2, Definition 1.10] A metric (or quadratic) Lie superalgebra (g, B) is a
Lie superalgebra g with an even non-degenerate, supersymmetric, invariant bilinear form
B. In this case, B is called an invariant scalar product on g.
Definition 1.2. [2, Definition 1.15] Two metric Lie superalgebras (g, B) and (g′, B′)
are called isometrically isomorphic (or i-isomorphic) if there exists a Lie superalgebra
isomorphism f : g → g′ satisfying B′(f(x), f(y)) = B(x, y) for all x, y ∈ g. In this case,
we write g
i≃ g′.
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The even part of a metric Lie superalgebra is a metric Lie algebra, which is a Lie algebra
with a non-degenerate, symmetric, invariant bilinear form. In fact, the characterization
for metric Lie superalgebras can be reduced to their metric Lie algebras by the following
lemma.
Proposition 1.3. [1, Proposition 2.9] A Lie superalgebra g is metric if and only if g0¯ is a
metric Lie algebra with respect to a bilinear form B0 and there exists a skew-symmetric
non-degenerate bilinear form B1 on g1¯ such that, for all x, y ∈ g1¯, z ∈ g0¯,
(2) B0([x, y], z) = B1(x, [y, z]),
(1) (g0¯-invariant) B1([z, x], y) = −B1(x, [z, y]).
Corollary 1.4. From this Proposition, it follows that dim g1¯ is even.
Let (g, B) be a metric Lie superalgebra. An ideal I of g is called non-degenerate if B|I×I
is non-degenerate. Obviously, if I is a non-degenerate ideal, then (I,B|I×I) is also a metric
Lie superalgebra. It is known that any semi-simple Lie algebra can be decomposed into
the direct sum of its simple ideals. The following proposition is analogous to what happens
in the semi-simple Lie algebra case.
Proposition 1.5. [1, Proposition 2.6] Let (g, B) be a metric Lie superalgebra. Then
g =
r⊕
i=1
gi,
such that, for all 1 ≤ i ≤ r,
(1) gi is a non-degenerate ideal of g.
(2) gi contains no nontrivial non-degenerate ideal of g.
(3) B(gi, gj) = 0 for all i 6= j.
Definition 1.6. In the above proposition, if r = 1, g is called indecomposable. Otherwise,
g is called decomposable.
Lemma 1.7. For a metric Lie superalgebra g, if dim g0¯ ≤ 1, then g is Abelian.
Proof. It is sufficient to prove the Lemma in the 1-dimensional even part case. Suppose
that (g, B) is a metric Lie superalgebra, spanned by
{e1 | e2, · · · , en}.
Because of the non-degenerate property of B, we obtain
B(e1, [g1¯, g1¯]) = B([e1, g1¯], g1¯).
Thus, [g1¯, g1¯] = 0 if and only if [e1, g1¯] = 0. Suppose that [ei, ej ] = kije1 for any 2 ≤ i, j ≤
n. In order to prove g is Abelian, it is sufficient to prove kij = 0. At first, we claim that
kii = 0. By the super Jacobi identity, for any 2 ≤ i ≤ n, [[ei, ei], ei] = 0. If there exists i0
such that ki0i0 6= 0, then [e1, ei0 ] = 0. From
B([e1, ei0 ], ei0) = B(e1, [ei0 , ei0 ]) = 0,
we obtain that B(e1, e1) = 0. It is a contradiction to the non-degenerate property of B. In
addition, we obtain that for 2 ≤ i 6= j ≤ n, [[ei, ej ], ej ] = 0 from the super Jacobi identity
of ei, ej and ej . If there exist i1, j1 such that ki1,j1 6= 0, then we have [e1, ej1 ] = 0. From
B([e1, ej1 ], ei1) = B(e1, [ej1 , ei1 ]) = 0,
we obtain that B(e1, e1) = 0. It is a contradiction to the non-degenerate property of B.
The proof is complete.
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1.2 Double extension for metric Lie superalgebras
We introduce the theory of double extension in this section, which is a important method
to construct metric Lie superalgebras. For more details, readers are referred to [1, 2, 4–6].
Definition 1.8. [10, Chapter I,1.4] Let g be a Lie superalgebra and D a homogeneous
linear transformation of g. D is called a derivation of g if
D([x, y]) = [D(x), y] + (−1)|D||x|[x,D(y)], x, y ∈ g.
Definition 1.9. [1, Definition 3.4] Let g be a Lie superalgebra and B a bilinear form on
g. Let D be a derivation of g. D is called skew-supersymmetric with respect to B if
B(D(x), y) = −(−1)|D||x|B(x,D(y)), x, y ∈ g.
Denote by Der(g) and Der(g, B) the derivation space of g and the skew-supersymmetric
derivation space of g with respect to B, respectively. By the above definitions, Der(g) and
Der(g, B) are both Lie-super subalgebras of the general linear superalgebra gl.
Theorem 1.2.1. [1, Theorem 1] Let (g1, B1) be a metric Lie superalgebra, g2 a Lie
superalgebra and ψ : g2 → Der(g1, B1) ⊆ Der(g1) a morphism of Lie superalgebras. Let ϕ
be the linear mapping from g1 × g1 to g∗2, defined by
ϕ(x, y)(z) = (−1)(|x|+|y|)|z|B1(ψ(z)(x), y), x, y ∈ g1, z ∈ g2.
Let pi be the coadjoint representation of g2. The the vector space g = g2
⊕
g1
⊕
g∗2 with
the products
[x2, y2]g = [x2, y2]g2 , [x2, y1]g = ψ(x2)y1, [x2, f ]g = pi(x2)f,
[x1, y1]g = [x1, y1]g1 + ϕ(x1, y1),
where x1, y1 ∈ g1, x2, y2 ∈ g2, f ∈ g∗2, is a Lie superalgebra. Moreover, if B2 is an even,
supersymmetric, invariant (not necessary non-degenerate) bilinear form on g2, then the
bilinear form Bg, defined on g by
Bg(x2, y2) = B2(x2, y2), Bg(f, y2) = f(y2), Bg(x1, y1) = B1(x1, y1),
where x1, y1 ∈ g1, x2, y2 ∈ g2, f ∈ g∗2, is an invariant scalar product on g.
Definition 1.10. In the above Theorem, the metric Lie superalgebra (g, Bg) is called the
double extension of (g1, B1) by g2 by means of ψ. In particular, if g2 is a 1-dimensional
Lie algebra, (g, Bg) is called the 1-dimensional double extension of (g1, B1) by means of
ψ.
Corollary 1.11. Suppose (g1, B1) is a metric Lie superalgebra and D ∈ Der0¯ (g1, B1).
Let BCD be an invariant symmetric (not necessary non-degenerate) bilinear form on CD =
〈D〉. Then the 1-dimensional double extension (g = CD⊕ g1⊕CD∗, Bg) of (g1, B1) by
means of D is given as follows:
(1) The Lie-super brackets on g are given by
[x, y]g = [x, y]g1 +B1(D(x), y)D
∗, [D,x]g = D(x), x, y ∈ g1.
(2) The invariant scalar product Bg is given by
Bg(D,D) = BCD(D,D), Bg(D
∗,D) = 1, Bg(x, y) = B1(x, y), x, y ∈ g1.
Proof. It follows from the Theorem 1.2.1.
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Double extension is a good method to construct examples of metric Lie superalgebras.
In Lie case, the following result allows us to inductively classify metric Lie algebras by
double extension.
Theorem 1.2.2. [14, Theorem 1] A non-simple metric Lie algebra which is indecompos-
able is a double extension of some metric Lie algebra by a 1-dimensional Lie algebra or a
simple Lie algebra.
The situation for metric Lie superalgebras is more complicated. It is still an open
question whether every indecomposable non-simple metric Lie superalgebra (g, B) can be
obtained by double extension. However, in the cases dim g0¯ = 2 and dim g1¯ = 2, the
answer is positive.
Theorem 1.2.3. [1, Theorem 3] Any indecomposable non-simple metric Lie superalgebra
(g = g0¯
⊕
g1¯, B) with dim g1¯ = 2, is a double extensions by a 1-dimensional or semi-simple
Lie algebra.
Proposition 1.12. [2, Propsition 4.8] Let g be a non-Abelian metric Lie superalgebra
with 2-dimensional even part. Then g is a double extension of the symplectic space g1¯
(regarded as an Abelian Lie superalgebra) by a 1-dimensional Lie algebra.
Example: We construct in detail the 1-dimensional double extensions of C0|2. Let
C0|2 = span{h1, h2} be the symplectic space with the symplectic form given by
BC0|2 =
(
0 1
−1 0
)
.
Denote by sp(C0|2, BC0|2) the 3-dimensional symplectic Lie algebra, which consists of all
linear transformations of C0|2 which are skew-symmetric with respect to BC0|2 [3]. Then
we have Der0¯ (C0|2, BC0|2) = sp(C0|2, BC0|2), spanned by
D1 =
(
1 0
0 −1
)
, D2 =
(
0 1
0 0
)
, D3 =
(
0 0
1 0
)
.
Let D = k1D1 + k2D2 + k3D3, k1, k2, k3 ∈ C and g = CD
⊕
C0|2
⊕
CD∗ be a double
extension of (C0|2, BC0|2) by CD. From Corollary 1.11, the brackets of g are given by
[h1, h1] = −k3D∗, [h1, h2] = k1D∗, [h2, h2] = k2D∗
[D,h1] = k1h1 + k3h2, [D,h2] = −k1h2 + k2h1.
Then we define the brackets of g in the following cases:
Case 1 : k1 = k2 = k3 = 0. Then g is the Abelian Lie superalgebra C2|2.
Case 2 : k1 = 0, k2, k3 6= 0. We choose a basis of g as follows:
e1 = −2k3D∗, e2 = 1√
k2k3
D, e3 = h1 +
√
k3
k2
h2, e4 = h1 −
√
k3
k2
h2.
Then the brackets are given by
[e3, e4] = e1, [e2, e3] = e3, [e2, e4] = −e4.
Case 3 : k1 = k2 = 0, k3 6= 0. We choose a basis of g as follows:
e1 = −D∗, e2 = D, e3 =
√
k3h2, e4 =
1√
k3
h1.
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Then the brackets are given by
[e4, e4] = e1, [e2, e4] = e3.
Case 4 : k1 = k3 = 0, k2 6= 0. We choose a basis of g as follows:
e1 = k2D
∗, e2 = D, e3 = k2h1, e4 = h2.
Then the brackets are given by
[e4, e4] = e1, [e2, e4] = e3.
Case 5 : k1 6= 0, k2 = k3 = 0. We choose a basis of g as follows:
e1 = k1D
∗, e2 =
1
k1
D, e3 = h1, e4 = h2.
Then the brackets are given by
[e3, e4] = e1, [e2, e3] = e3, [e2, e4] = −e4.
Case 6 : k1 6= 0, k2 = 0, k3 6= 0. We choose a basis of g as follows:
e1 =
2k21
k3
D∗, e2 =
1
k1
D, e3 =
2k1
k3
h1 + h2, e4 = h2.
Then the brackets are given by
[e3, e4] = e1, [e2, e3] = e3, [e2, e4] = −e4.
Case 7 : k1, k2 6= 0, k3 = 0. We choose a basis of g as follows:
e1 = −2k
2
1
k2
D∗, e2 =
1
k1
D, e3 = h1, e4 = h1 − 2k1
k2
h2.
Then the brackets are given by
[e3, e4] = e1, [e2, e3] = e3, [e2, e4] = −e4.
Case 8 : k1, k2, k3 6= 0, k21 + k2k3 = 0. We choose a basis of g as follows:
e1 = k2D
∗, e2 =
1
k2
D, e3 = h1 − k1
k2
h2, e4 = h2.
Then the brackets are given by
[e4, e4] = e1, [e2, e4] = e3.
Case 9 : k1, k2, k3 6= 0, k21 + k2k3 6= 0. We choose a basis of g as follows:
e1 = −2k
2
1 + k2k3
k2
D∗, e2 =
1√
k21 + k2k3
D,
e3 = h1 − k1 −
√
k21 + k2k3
k2
h2, e4 = h1 − k1 +
√
k21 + k2k3
k2
h2.
Then the brackets are given by
[e3, e4] = e1, [e2, e3] = e3, [e2, e4] = −e4.
We summarize the results in the following Proposition.
Proposition 1.13. [2, Proposition 3.3] Suppose that g is a 2|2-dimensional non-Abelian
metric Lie superalgebra. Then g is isomorphic to the following ones:
(1) g12|2 : [e4, e4] = e1, [e2, e4] = e3.
(2) g22|2 : [e3, e4] = e1, [e2, e3] = e3, [e2, e4] = −e4.
Proof. It follows from Theorem 1.2.3 or Proposition 1.12.
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2 Cohomology and deformations
In this section, we recall the definition of cohomology for Lie superalgebras. For more
details, readers are referred to [12].
Suppose g is a Lie superalgebra and M is a g-module, the n-cochain space Cn(g,M) is
defined by
Cn(g,M) = Hom(∧ng,M).
The coboundary operator d : Cn(g,M) −→ Cn+1(g,M) is defined by
d(f)(x0, · · · , xn) =
n∑
i=0
(−1)bi+|xi||f |xi · f(x0, · · · , x̂i, · · · , xn)
+
∑
0≤p<q≤n
(−1)cp,qf([xp, xq], x0, · · · , x̂p, · · · , x̂q, · · · , xn),
where
bi = i+ |xi|(|x0|+ · · ·+ |xi−1|),
cp,q = p+ q + (|xp|+ |xq|)(|x0|+ · · ·+ |xp−1|) + |xq|(|xp+1|+ · · ·+ |xq−1|),
and ̂ denotes an omitted term. A standard fact is that d2 = 0. We can define the
n-cohomology by
Hn(g,M) = Zn(g,M)/Bn(g,M),
where
Zn(g,M) = Ker (d : Cn(g,M) −→ Cn+1(g,M)),
Bn(g,M) = Im (d : Cn−1(g,M) −→ Cn(g,M)).
A cochain is called a cocycle (coboundary) if it is in Zn(g,M) (Bn(g,M)).
The cohomology theory has many applications in mathematics and physics [7–9, 12].
One of the most important applications of cohomology is computing formal deformations,
for which we need the second cohomology with adjoint coefficients H2(g, g). For more
details, readers are referred to [7, 12, 20].
For computing formal deformations, we need the even cocycles of the cohomology space
H2(g, g). A one-parameter formal deformation of a Lie superalgebra (g, [ , ]) is a family
of Lie superalgebra structures [ , ]t over the underlying space g such that
[ , ]t = [ , ] +
∞∑
i=1
tiφi( , )
where each φi is in C
2(g, g)0¯, and t is the local (arbitrary small) parameter of the defor-
mation. A formal deformation is called jump deformation if for any non-zero value of the
parameter t near the origin, it gives isomorphic algebra (which is of course different from
the original one). A deformation is called smooth deformation if for any different non-zero
values of the parameter near the origin, it defines non-isomorphic algebras (by symmetry
sometimes there can be coincidences).
In this paper, we study metric deformations for low-dimensional metric Lie superal-
gebras which are deformations of metric Lie superalgebras, including jump and smooth
metric deformations, by computing the second cohomology.
In fact, the skew-supersymmery for [ , ]t implies that φi has to be an even cochain.
The super Jacobi identity implies that φ1 is indeed an even cocycle. More generally, if
φ1 vanishes identically, the first non-vanishing φi will be an even cocycle. Suppose that
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[ , ]t =
∑
tiφi and [ , ]
′
t =
∑
tiφ′i are two deformations of g. [ , ]t and [ , ]
′
t are called
equivalent if there exists a linear isomorphism ψ̂t = idg + ψ1t+ ψ2t
2 + · · · of g, where ψi
is in C1(g, g)0¯, such that
ψ̂t([x, y]t) = [ψ̂t(x), ψ̂t(y)]
′
t, for x, y ∈ g.
A deformation is called trivial if it is equivalent to the original bracket. Comparing the
two sides, we obtain that
φ1 − φ′1 = d(ψ1).
It states that every equivalence class of deformations defines uniquely an element of the
even part of the 2-cohomology. This cohomology class is called the corresponding in-
finitesimal deformation or first order deformation. If H2(g, g)0¯ = 0, then g only has trivial
deformations. In this case, g is called rigid. If an infinitesimal deformation is a real
deformation, then it means that it defines a complete formal deformation without any
obstruction [20].
Another way to obstruct a formal deformation by a given infinitesimal deformation is
to compute Massey products on H•(g, g) =
⊕
q H
q(g, g). For α ∈ Cp(g, g), β ∈ Cq(g, g),
the product αβ ∈ Cp+q−1(g, g) is defined by
(α, β)(x1, . . . , xp+q−1) =
∑
1≤j1<···<jq≤p+q−1
(−1)aj1 ,··· ,jqα(β(xj1 , . . . , xjq ),
x1, . . . , x̂j1 , · · · , x̂jq , . . . , xp+q−1)
where aj1,··· ,jq =
q∑
s=1
(js−s+ |xjs|
∑
t∈{1,··· ,js−1}\{j1,··· ,js−1}
|xt|). Define the bracket operation
[α, β] = αβ − (−1)|α||β|+(p−1)(q−1)βα. If one sets Cq = Cq+1(g, g) and Hq = Hq+1(g, g),
then the bracket operation makes C = ⊕q Cq and H = ⊕qHq are differential Z-graded
superalgebras. Now, let us define higher operations on H•(g, g), called Massey prod-
ucts. The second order Massey product is defined to be the bracket operation. For
α1 ∈ Hp(g, g)i, α2 ∈ Hq(g, g)j , α3 ∈ Hr(g, g)k, i, j, k ∈ Z2, the third Massey product is only
well defined when [αi, αj ] = 0. For cocycles βi representing αi, we take [βi, βj ] = d(βij).
Then the third order Massey product 〈α1, α2, α3〉 is defined to be the cohomology class of
the cocycle
[β1,2, β3]− (−1)jk+(q−1)(r−1)[β1,3, β2] + (−1)i(j+k)+(p−1)(q+r)[β2,3, β1]
in the factor space
Hp+q+r−3(g, g)i+j+k/([α1,H
q+r−2(g, g)j+k] + [α2,H
p+r−2(g, g)i+k] + [α3,H
p+q−2(g, g)i+j ]).
The product is well defined, since the cohomology class does not depend on the choices
of βi and βij . Similarly, the higher order Massey products can be defined. For more
details and examples, readers are referred to [7, 20–22]. The following lemma allows us to
construct a formal deformation by computing Massey products.
Lemma 2.1. Given an element α ∈ H2(g, g)0¯, there exists a formal deformation of the
Lie superalgebra g if and only if the Massey products 〈
i︷ ︸︸ ︷
α, . . . , α〉 = 0 for all i.
2.1 Abelian Lie superalgebras and simple Lie superalgebras with the
non-degenerate Killing form
An Abelian Lie superalgebra with an even-dimensional odd part is always metric by Propo-
sition 1.3. It is easy to see that Abelian Lie superalgebras deform everywhere because of
the triviality of coboundary.
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Another class of Lie superalgebras that we discuss in this section are the simple Lie
superalgebras with a non-degenerate Killing form. They only have trivial deformations
because of the triviality of cohomology according to the following theorem.
Theorem 2.1.1. [11, Theorem 3] Let g be a semi-simple Lie superalgebra over a field of
characteristic zero. Suppose that M is a g-module defined by a nontrivial irreducible rep-
resentation ρ and the super trace form T (ρ(X)ρ(Y )), corresponding to this representation
is non-degenerate. Then Hn(g,M) = 0 for any n.
Lemma 2.2. Let g be a semi-simple Lie algebra over a field of characteristic zero. Suppose
that M is its nontrivial module. Then Hn(g,M) = 0 for any n.
Proof. By the Weyl’s theorem [3, Section 6.3], it is sufficient to prove that in the case M
is irreducible. Moreover, the proof is complete by Theorem 24.1 in [13].
It implies that every semi-simple Lie algebra is rigid. However, it is not the case for
semi-simple Lie superalgebras. However, any finite-dimensional Lie superalgebra with
non-degenerate Killing form can be decomposed into a direct sum of a semi-simple Lie
algebra and classical simple Lie superalgebras [8, 10].
Corollary 2.3. In dimension ≤ 6, there is only one rigid simple metric Lie superalgebra.
Proof. By Lemma 2.2, it is sufficient to prove that in the simple metric Lie superalgebra
with non-zero odd part case. According to Kac’s classification [10], if a simple Lie super-
algebra with dimension ≤ 6 is metric whose odd part is non-zero, then it is isomorphic to
the orthogonal-symplectic superalgebra osp(1, 2). Note that the Killing form on osp(1, 2)
is non-degenerate. The proof is complete by Theorem 2.1.1.
2.2 Trivial extensions of semi-simple Lie algebras
The cohomology of a Lie superalgebra g with coefficients in a module M is trivial as
g-module. Moreover, we have the following factorization theorem of cohomology.
Theorem 2.2.1. [12, Theorem 2] Let g be a finite-dimensional Lie superalgebra over a
field of characteristic zero and M a finite-dimensional g-module. Suppose that I is an
ideal of g such that g/I is a semi-simple Lie algebra. Then
Hn(g,M) ∼=
n⊕
i=0
Hn−i(g/I)
⊗
Hi(I,M)g/I for any n,
where Hi(I,M)g/I is the kernel of the representation of g/I in Hi(I,M).
Corollary 2.4. Suppose that s is a semi-simple Lie algebra. Then
H2(s
⊕
Cm|n, s
⊕
Cm|n) = i(C
2(Cm|n,Cm|n)),
where i is the embedding map.
Proof. Suppose that s is a semi-simple Lie algebra. An elementary fact is that H0(s) = C
and H1(s) = H2(s) = 0 [13, Theorem 21.1]. Let us take g =M = s
⊕
Cm|n and I = Cm|n
in Theorem 2.2.1, and define
C2(Cm|n, s)
s = {f ∈ C2(Cm|n, s)|[s, f(x, y)] = 0, x, y ∈ Cm|n}.
Then we have
H2(s
⊕
Cm|n, s
⊕
Cm|n) ∼= H2(Cm|n, s
⊕
Cm|n)
s
∼= C2(Cm|n, s)s
⊕
C2(Cm|n,Cm|n).
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Note that the center C(s) = 0. Then C2(Cm|n, s)
s = 0. We obtain
H2(s
⊕
Cm|n, s
⊕
Cm|n) ∼= C2(Cm|n,Cm|n).
Let i be the embedding map. We obtain that
i(C2(Cm|n,Cm|n)) ⊆ Z2(s
⊕
Cm|n, s
⊕
Cm|n),
i(C2(Cm|n,Cm|n))
⋂
B2(s
⊕
Cm|n, s
⊕
Cm|n) = 0.
Thus, H2(s
⊕
Cm|n, s
⊕
Cm|n) = i(C
2(Cm|n,Cm|n)).
Corollary 2.5. Suppose that s
⊕
Cm|n, n 6= 0 is a trivial extension of the semi-simple
Lie algebra s. If dim s
⊕
Cm|n ≤ 6 and s
⊕
Cm|n is metric, then s
⊕
Cm|n has no metric
deformation.
Proof. According to the classification of low-dimensional metric Lie algebras [5], in this
case, there are only two metric Lie superalgebras: g1 = sl(2,C)
⊕
C0|2, g2 = sl(2,C)
⊕
C1|2.
By Corollary 2.4, dim H2(g1, g1)0¯ = 0 and dim H
2(g2, g2)0¯ = 7. However, for g2, none of
cocycles define a metric Lie superalgebra.
3 Low-dimensional metric Lie superalgebras and their de-
formations
From now on, we suppose that gm|n is a m|n-dimensional non-Abelian metric Lie super-
algebra, spanned by
{e1, · · · , em | em+1, · · · , em+n},
where e1, · · · , em are even and em+1, · · · em+n are odd.
The classification and metric deformations for the metric Lie algebras with dimension
≤ 6 have been studied in [5]. At first, we recall the classification for the non-Abelian
metric Lie algebras with dimension ≤ 6 in [5].
(1) In dimension 3,
• sl(2,C): [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2.
(2) In dimension 4,
• sl(2,C)⊕C: [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
• b: [e1, e2] = e2, [e1, e3] = −e3, [e2, e3] = e4.
(3) In dimension 5,
• sl(2,C)⊕C2: [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
• b⊕C: [e1, e2] = e2, [e1, e3] = −e3, [e2, e3] = e4,
• W3: [e3, e4] = e2, [e3, e5] = e1, [e4, e5] = e3.
In dimension 6,
• sl(2,C)⊕C3: [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
• sl(2,C)⊕ sl(2,C): [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2, [e4, e5] = e6, [e4, e6] =
−2e4, [e5, e6] = 2e5,
• T∗(sl(2,C)): [e1, e2] = 2e2, [e1, e3] = −2e3, [e2, e3] = e1, [e1, e4] = 2e4, [e1, e6] =
−2e6, [e2, e5] = 2e4, [e2, e6] = e5, [e3, e4] = e5, [e3, e5] = 2e6,
• W3
⊕
C: [e3, e4] = e2, [e3, e5] = e1, [e4, e5] = e3,
• W4: [e1, e5] = e4, [e1, e3] = −e2, [e3, e5] = −e6,
• g6,3: [e3, e4] = e4, [e1, e3] = e1+e2, [e2.e3] = e2, [e1, e4] = −e6, [e1, e5] = −e6, [e3, e5] =
e4 + e5, [e2, e5] = −e6,
• g6,2(λ), λ ∈ C: [e1, e2] = e2, [e1, e3] = λe3, [e1, e4] = −e4, [e1, e5] = −λe5, [e3, e5] =
λe6, [e2, e4] = e6.
On deformations of metric Lie superalgebras 11
Among the deformations of these metric Lie algebras which are studied in [5], we pick
and summarize the metric deformations in the table below.
Dimension Algebra dim H2 Jump deformation Smooth deformation
3 sl(2,C) 0 − −
4 sl(2,C)
⊕
C 0 − −
4 b 2 sl(2,C)
⊕
C −
5 sl(2,C)
⊕
C
2 2 − −
5 b
⊕
C 5 sl(2,C)
⊕
C
2 −
5 W3 9 b
⊕
C −
sl(2,C)
⊕
C
2
6 sl(2,C)
⊕
C
3 9 sl(2,C)
⊕
sl(2,C) −
6 sl(2,C)
⊕
sl(2,C) 0 − −
6 T∗(sl(2,C)) 1 sl(2,C)
⊕
sl(2,C) −
6 W3
⊕
C 21 sl(2,C)
⊕
sl(2,C) g6,2(1)
T∗(sl(2,C))
sl(2,C)
⊕
C
3
g6,3
g6,2(0)
6 W4 30 sl(2,C)
⊕
sl(2,C) −
T∗(sl(2,C))
sl(2,C)
⊕
C
3
g6,3
g6,2(λ), λ ∈ C
W3
⊕
C
6 g6,3 3 sl(2,C)
⊕
sl(2,C) g6,2(1)
T∗(sl(2,C))
6 g6,2(λ), λ 6= 0, 1 7 sl(2,C)
⊕
sl(2,C) g6,2(λ)
6 g6,2(1) 7 sl(2,C)
⊕
sl(2,C) g6,2(1)
T∗(sl(2,C))
sl(2,C)
⊕
C
3
g6,3
6 g6,2(0) = b
⊕
C
2 13 sl(2,C)
⊕
sl(2,C) g6,2(0)
sl(2,C)
⊕
C
3
TABLE 1. Metric Deformations of Low-Dimensional Metric Lie Algebras
Suppose that g is a non-Abelian metric Lie superalgebra with dimension ≤ 6 which
has a non-zero odd part. Then dim g0¯ = 2 or dim g1¯ = 2 by Corollary 1.4 and Lemma
1.7. Consequently, all indecomposable metric Lie superalgebras have been classified by
1-dimensional double extension in [6].
In this section, we study metric deformations of non-Abelian metric Lie superalgebras
with dimension ≤ 6, according to the classification of the low-dimensional metric Lie
algebras in [5] and the classification of the low-dimensional indecomposable metric Lie
superalgebras in [6].
3.1 One, two, and three-dimensional metric Lie superalgebras.
There is only the Abelian Lie superalgebra.
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3.2 Four-dimensional metric Lie superalgebras.
There are two 2|2-dimensional non-Abelian metric Lie superalgebras: g12|2 and g22|2 with
nontrivial brackets:
(1) g12|2: [e4, e4] = e1, [e2, e4] = e3,
(2) g22|2: [e3, e4] = e1, [e2, e3] = e3, [e2, e4] = −e4.
We already have obtained the classification by double extension in Proposition 1.13.
Theorem 3.2.1. The algebra g12|2 has jump metric deformation to g
2
2|2.
Proof. The even part of the 2-cohomology space is 4-dimensional, spanned by the repre-
sentative even cocycles:
f1 :
 (e1, e2) 7→ e1,(e3, e4) 7→ −1
2
e1,
f2 :

(e1, e2) 7→ e2,
(e1, e3) 7→ e3,
(e3, e4) 7→ −1
2
e2,
f3 : (e2, e3) 7→ e3, f4 :
{
(e2, e3) 7→ e4,
(e3, e3) 7→ −e1.
Thus, there are infinitesimal deformations [ , ]1t , [ , ]
2
t , [ , ]
3
t and [ , ]
4
t obtained by f1, f2,
f3, f4, respectively. By checking the super Jacobi identity, for f1, we obtain that
[[e2, e3]
1
t , e4]
1
t + [[e3, e4]
1
t , e2]
1
t − [[e4, e2]1t , e3]1t = −
1
2
t2e1 6= 0.
In fact, the second order Massey product 〈f¯1, f¯1〉 = 0, while the third order Massey product
〈f¯1, f¯1, f¯1〉 6= 0, which means that this infinitesimal deformation can not be extended to
a real deformation by Lemma 2.1, however the other infinitesimal deformations are Lie
superalgebras.
For f2, the even part is non-Abelian, however there is only the Abelian metric Lie
algebra in dimension 2 . So [ , ]2t is not metric.
For f3, suppose that B is an even, supersymmetric, invariant bilinear form on [ , ]
3
t .
Then we have
B([e2, e3]
3
t , e4) = B(e2, [e3, e4]
3
t ) = tB(e3, e4) = 0.
Which means B is degenerate, so [ , ]3t is also not metric.
For f4, the infinitesimal deformation defines a metric deformation. Set the linear map-
ping
φ : g12|2 −→ g22|2
−2te1 7→ e1,
1√
t
e2 7→ e2,
e3 +
√
te4 7→ e3,
e3 −
√
te4 7→ e4.
Then φ is an isomorphism from (g12|2, [ , ]
4
t ) to g
2
2|2.
Theorem 3.2.2. The algebra g22|2 has no metric deformation.
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Proof. The even part of the 2-cohomology space is 1-dimensional, spanned by the repre-
sentative even cocycle:
f :
{
(e1, e2) 7→ −e1,
(e2, e4) 7→ e4.
Thus, there is one infinitesimal deformation [ , ]t obtained by f . It defines a Lie super-
algebra by checking the super Jacobi identity. For any even, supersymmetric, invariant
bilinear from B on [ , ]t, we have
B([e1, e2]t, e2) = B(e1, [e2, e2]t) = −tB(e1, e2) = 0,
B([e1, e3]t, e4) = B(e1, [e3, e4]t) = B(e1, e1) = 0.
Which means B is degenerate, so this deformation is not metric.
3.3 Five-dimensional metric Lie superalgebras.
There are the following 3|2-dimensional non-Abelian metric Lie superalgebras: osp(1, 2),
sl(2,C)
⊕
C0|2, g
1
2|2
⊕
C1|0, and g
2
2|2
⊕
C1|0 with nontrivial brackets:
(1) osp(1, 2) : [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
[e1, e5] = −e4, [e2, e4] = −e5, [e3, e4] = e4,
[e3, e5] = −e5, [e4, e4] = 12e1, [e4, e5] = 14e3,
[e5, e5] = −12e2,
(2) sl(2,C)
⊕
C0|2 : [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
(3) g12|2
⊕
C1|0 : [e5, e5] = e1, [e2, e5] = e4,
(4) g22|2
⊕
C1|0 : [e4, e5] = e1, [e2, e4] = e4, [e2, e5] = −e5.
By the classification in [6], if g3|2 is indecomposable, then it is isomorphic to osp(1, 2).
Otherwise, by Proposition 1.5, we suppose that g3|2 =
n⊕
i=1
gi, where each gi is indecom-
posable metric Lie superalgebra and dim (g1)1¯ = 2. Since g3|2 is non-Abelian, dim (g1)0¯
is 0 or 2. We get the classification as follows:
Case 1: dim (g1)0¯ = 0. Then g3|2 is sl(2,C)
⊕
C0|2.
Case 2: dim (g1)0¯ = 2. Then g3|2 is g
1
2|2
⊕
C1|0 or g
2
2|2
⊕
C1|0.
Theorem 3.3.1. The algebras osp(1, 2) and sl(2,C)
⊕
C0|2 have no metric deformation.
Proof. The proof follows from Corollary 2.3 and Corollary 2.5.
Theorem 3.3.2. The algebra g12|2
⊕
C1|0 has jump metric deformation to g
2
2|2
⊕
C1|0.
Proof. The even part of the 2-cohomology space is 9-dimensional. Among these, only
f :
{
(e2, e4) 7→ e5,
(e4, e4) 7→ −e1
defines a metric Lie superalgebra. We can use the isomorphism from g12|2 to g
2
2|2 in Theorem
3.2.1 with keeping the new basis element e3 unchanged. This gives us an isomorphism
φ : g12|2
⊕
C1|0 −→ g22|2
⊕
C1|0.
Theorem 3.3.3. The algebra g22|2
⊕
C1|0 has no metric deformation.
Proof. The even part of the 2-cohomology space is 4-dimensional, but none of the cocycles
defines a metric Lie superalgebra.
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3.4 Six-dimensional metric Lie superalgebras.
There are the following 4|2 and 2|4-dimensional non-Abelian metric Lie superalgebras:
3.4.1 4|2-dimension
These algebras are the following: osp(1, 2)
⊕
C1|0, sl(2,C)
⊕
C1|2, b
⊕
C0|2, g
1
2|2
⊕
C2|0,
g22|2
⊕
C2|0, g
1
4|2, g
2
4|2(λ) (λ 6= 0), and g34|2 with nontrivial brackets:
(1) osp(1, 2)
⊕
C1|0 : [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
[e1, e6] = −e5, [e2, e5] = −e6, [e3, e5] = e5,
[e3, e6] = −e6, [e5, e5] = 12e1, [e5, e6] = 14e3,
[e6, e6] = −12e2,
(2) sl(2,C)
⊕
C1|2 : [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
(3) b
⊕
C0|2 : [e1, e2] = e2, [e1, e3] = −e3, [e2, e3] = e4,
(4) g12|2
⊕
C2|0 : [e6, e6] = e1, [e2, e6] = e5,
(5) g22|2
⊕
C2|0 : [e5, e6] = e1, [e2, e5] = e5, [e2, e6] = −e6,
(6) g14|2 : [e1, e2] = e2, [e1, e3] = −e3, [e2, e3] = e4,
[e1, e6] = e5, [e6, e6] = e4,
(7) g24|2(λ) (λ 6= 0) : [e1, e2] = e2, [e1, e3] = −e3, [e2, e3] = e4,
[e1, e5] = λe5, [e1, e6] = −λe6, [e5, e6] = λe4,
(8) g34|2 : [e1, e2] = e2, [e1, e3] = −e3, [e2, e3] = e4,
[e1, e5] =
1
2e5, [e1, e6] = −12e6, [e2, e6] = e5,
[e5, e6] =
1
2e4, [e6, e6] = e3.
By the classification in [6], if g4|2 is indecomposable, then it is isomorphic to g
1
4|2, g
2
4|2(λ)
(λ 6= 0), or g34|2. Otherwise, by Proposition 1.5, we suppose that g4|2 =
n⊕
i=1
gi, where each gi
is indecomposable metric Lie superalgebra and dim (g1)1¯ = 2. Since g4|2 is decomposable,
dim (g1)0¯ is 0, 1, 2 or 3. We get the classification as follows:
Case 1: dim (g1)0¯ = 0. Then g4|2 is sl(2,C)
⊕
C1|2 or b
⊕
C0|2.
Case 2: dim (g1)0¯ = 1. Then g4|2 is sl(2,C)
⊕
C1|2.
Case 3: dim (g1)0¯ = 2. Then g4|2 is g
1
2|2
⊕
C2|0 or g
2
2|2
⊕
C2|0.
Case 4: dim (g1)0¯ = 3. Then g4|2 is osp(1, 2)
⊕
C1|0, sl(2,C)
⊕
C1|2, g
1
2|2
⊕
C2|0 or
g22|2
⊕
C2|0.
Theorem 3.4.1. The algebra osp(1, 2)
⊕
C1|0 is rigid.
Proof. By direct computation.
Theorem 3.4.2. The algebra sl(2,C)
⊕
C1|2 has no metric deformation.
Proof. It follows from Corollary 2.5.
Theorem 3.4.3. The algebra b
⊕
C0|2 has jump metric deformation to sl(2,C)
⊕
C1|2.
Proof. The even part of the 2-cohomology space is 9-dimensional. Among these, only
f : (e2, e3) 7→ e1
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defines a metric Lie superalgebra. Set the linear mapping
φ : b
⊕
C0|2 −→ sl(2,C)
⊕
C1|2
2
t
e2 7→ e1,
e3 7→ e2,
2
t
(e4 + te1) 7→ e3,
e4 7→ e4,
e5 7→ e5,
e6 7→ e6.
Then φ is an isomorphism from b
⊕
C0|2 to sl(2,C)
⊕
C1|2.
Theorem 3.4.4. The algebra g12|2
⊕
C2|0 has jump metric deformation to g
2
2|2
⊕
C2|0.
Proof. The even part of the 2-cohomology space is 19-dimensional. Among these, only the
cocycle f :
{
(e2, e5) 7→ e6,
(e5, e5) 7→ −e1
defines a metric deformation. We can use the isomorphism
from g12|2 to g
2
2|2 in Theorem 3.2.1 with keeping the new basis element e3 and e4 unchanged.
This gives us an isomorphism φ : g12|2
⊕
C2|0 −→ g22|2
⊕
C2|0.
Theorem 3.4.5. The algebra g22|2
⊕
C2|0 has no metric deformation.
Proof. The even part of the 2-cohomology space is 12-dimensional, but none of them
defines a metric Lie superalgebra.
Theorem 3.4.6. The algebra g14|2 has smooth metric deformation to the family g
2
4|2(λ)
around λ = 0.
Proof. The even part of the 2-cohomology space is 3-dimensional, but only one of them
defines smooth metric deformation to the family g24|2(λ) around g
2
4|2(0) = b
⊕
C0|2 of the
form
f :
{
(e1, e5) 7→ e6,
(e5, e5) 7→ −e4.
An isomorphism can be given by
φ : g14|2 −→ g24|2(
√
t)
e1 7→ e1,
e2 7→ e2,
e3 7→ e3,
e4 7→ e4,
− 1
2
√
t
e5 − 1
2
e6 7→ e5,
e5 −
√
te6 7→ e6.
Theorem 3.4.7. The metric deformations of the family g24|2(λ) (λ 6= 0) follow two different
patterns:
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(1) The generic element for λ 6= ±12 has smooth metric deformation to the family g24|2(λ)
around itself.
(2) The special elements g24|2(
1
2 ) and g
2
4|2(−12) have smooth metric deformation to the
family g24|2(λ) around itself and they both have jump metric deformation to g
3
4|2.
Proof. For this family, g24|2(λ1)
i≃ g24|2(λ2) if and only if λ1 = λ2. Note that the case λ = 0
is generally excluded from this family, because g24|2(0) = b
⊕
C0|2. Beside that, in the
cases λ = ±12 , the cohomology and deformation patterns are not generic.
(1) The even part of the 2-cohomology space is 2-dimensional. Only one of them defines
smooth metric deformation around itself of the form
f :
{
(e1, e5) 7→ e5,
(e1, e6) 7→ −e6.
An isomorphism can be given by
φ : g24|2(λ) −→ g24|2(λ+ t)
e1 7→ e1,
λe2 7→ e2,
1
λ+ t
e3 7→ e3,
λ
λ+ t
e4 7→ e4,
e5 7→ e5,
e6 7→ e6.
(2) The even part of the 2-cohomology space both are 4-dimensional. Among these, we
have the two generic cocycles as before. Only one of them leads smooth metric deformation
around itself (see (1)). The two other cocycles for λ = 12 ,
f1 :
{
(e2, e6) 7→ e5,
(e6, e6) 7→ e3,
f2 :
{
(e3, e5) 7→ e6,
(e5, e5) 7→ −e2,
both define jump metric deformations. The first one deforms to g34|2, via the isomorphism
φ1 : g
2
4|2
(
1
2
)
−→ g34|2
e1 7→ e1,
e2 7→ e2,
te3 7→ e3,
te4 7→ e4,
te5 7→ e5,
e6 7→ e6.
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The second one deforms to the same one, via the isomorphism
φ2 : g
2
4|2
(
1
2
)
−→ g34|2
−e1 7→ e1,
e3 7→ e2,
−te2 7→ e3,
te4 7→ e4,
te6 7→ e5,
e5 7→ e6.
The two extra cocycles for λ = −12 are
f3 :
{
(e2, e5) 7→ e6,
(e5, e5) 7→ −e3,
f4 :
{
(e3, e6) 7→ e5,
(e6, e6) 7→ e2.
They both deform to the algebra g34|2. For f3, we set an isomorphism
φ3 : g
2
4|2
(
−1
2
)
−→ g34|2
e1 7→ e1,
e2 7→ e2,
−te3 7→ e3,
−te4 7→ e4,
te6 7→ e5,
e5 7→ e6.
For f4, we set an isomorphism
φ4 : g
2
4|2
(
−1
2
)
−→ g34|2
−e1 7→ e1,
e3 7→ e2,
te2 7→ e3,
−te4 7→ e4,
te5 7→ e5,
e6 7→ e6.
Theorem 3.4.8. The algebra g34|2 has jump metric deformation to osp(1, 2)
⊕
C1|0.
Proof. The even part of the 2-cohomology space is 2-dimensional. Only one cocycle defines
metric deformation, namely
f :

(e2, e3) 7→ e1,
(e3, e5) 7→ 1
2
e6,
(e5, e5) 7→ −1
2
e2,
(e5, e6) 7→ 1
2
e1.
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The isomorphism is given by
φ : g34|2 −→ osp(1, 2)
⊕
C1|0
−e2 7→ e1,
−2
t
e3 7→ e2,
2
t
e4 + 2e1 7→ e3,
e4 7→ e4,
1√
t
e5 7→ e5,
1√
t
e6 7→ e6.
3.4.2 2|4-dimension
These algebras are the following: g12|2
⊕
C0|2, g
2
2|2
⊕
C0|2, g
1
2|4, g
2
2|4, g
3
2|4(λ) and g
4
2|4, with
nontrivial brackets:
(1) g12|2
⊕
C0|2 : [e4, e4] = e1, [e2, e4] = e3,
(2) g22|2
⊕
C0|2 : [e3, e4] = e1, [e2, e3] = e3, [e2, e4] = −e4,
(3) g12|4 : [e2, e4] = e3, [e2, e5] = −e6, [e4, e5] = e1,
(4) g22|4 : [e2, e4] = e4, [e2, e5] = e3, [e2, e6] = −e6, [e5, e5] = [e4, e6] = e1,
(5) g32|4(λ) (λ 6= 0) : [e2, e3] = e3, [e2, e4] = λe4, [e2, e5] = −e5,
[e2, e6] = −λe6, [e3, e5] = e1, [e4, e6] = λe1,
(6) g42|4 : [e2, e3] = e3, [e2, e4] = e3 + e4, [e2, e5] = −e5 − e6,
[e2, e6] = −e6, [e3, e5] = [e4, e5] = [e4, e6] = e1,
(7) g52|4 : [e2, e3] = e5, [e2, e4] = e3, [e2, e5] = −e6,
[e3, e3] = −e1, [e4, e5] = e1.
Here g32|4(λ)
i≃ g32|4(−λ)
i≃ g32|4(λ−1) [6]. By the classification in [6], if g2|4 is indecompos-
able, then it is isomorphic to g12|4, g
2
2|4, g
3
2|4(λ) or g
4
2|4. Otherwise, by Proposition 1.5,
we suppose that g2|4 =
n⊕
i=1
gi, where each gi is indecomposable metric Lie superalgebra
and g1 is non-Abelian with dim (g1)1¯ = 2. Since g2|4 is non-Abelian, g1 is g
1
2|2 or g
2
2|2.
Consequently, g2|4 is g
1
2|2
⊕
C0|2 or g
2
2|2
⊕
C0|2. When computing metric deformations, we
found a new metric Lie superalgebra g52|4 (which is missing from the classification in [6]).
Two metric forms for this algebra can be given by
0 1
1 0
0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
 ,

0 1
1 1
0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
 .
In addition, the algebra g42|4 is also referred to g
s
6,7 in [6], although there is a mistake of a
bracket in that paper.
Theorem 3.4.9. The algebra g12|2
⊕
C0|2 has jump metric deformation to g
2
2|2
⊕
C0|2.
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Proof. The even part of the 2-cohomology space is 19-dimensional. Out of these, only one
cocycle
f :
{
(e2, e3) 7→ e4,
(e3, e3) 7→ −e1
defines a metric Lie superalgebra which is isomorphic to g22|2
⊕
C0|2. We can use the
isomorphism from g12|2 to g
2
2|2 in Theorem 3.2.1 with keeping the new basis element e5 and
e6 unchanged. This gives us an isomorphism φ : g
1
2|2
⊕
C0|2 −→ g22|2
⊕
C0|2.
Theorem 3.4.10. The algebra g22|2
⊕
C0|2 has no metric deformation.
Proof. The even part of the 2-cohomology space is 8-dimensional. But none of them
defines metric deformation.
Theorem 3.4.11. The algebra g12|4 has jump metric deformations to g
3
2|4(−1) and g52|4.
Proof. The even part of the 2-cohomology space is 9-dimensional. Among these, three
cocycles
f1 :

(e2, e3) 7→ e4,
(e2, e6) 7→ −e5,
(e3, e6) 7→ e1,
f2 :
{
(e2, e3) 7→ e5,
(e3, e3) 7→ −e1,
f3 :
{
(e2, e6) 7→ e4,
(e6, e6) 7→ e1,
define metric deformations. The first one deforms to g32|4(−1), via the isomorphism
φ1 : g
1
2|4 −→ g32|4(−1)
2e1 7→ e1,
1√
t
e2 7→ e2,
1√
t
e3 + e4 7→ e3,
1√
t
e3 − e4 7→ e4,
1√
t
e6 + e5 7→ e5,
− 1√
t
e6 + e5 7→ e6.
The second one deforms to g52|4, via the isomorphism
φ2 : g
1
2|4 −→ g52|4
te1 7→ e1,
e2 7→ e2,
e3 7→ e3,
e4 7→ e4,
te5 7→ e5,
te6 7→ e6.
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The third one deforms to the same one, via the isomorphism
φ3 : g
1
2|4 −→ g52|4
−te1 7→ e1,
e2 7→ e2,
e6 7→ e3,
−e5 7→ e4,
te4 7→ e5,
−te3 7→ e6.
Theorem 3.4.12. The algebra g22|4 has smooth metric deformation to the family g
3
2|4(λ)
around λ = 0.
Proof. The even part of the 2-cohomology space is 3-dimensional. Out of these, only one
cocycle
f :
{
(e2, e3) 7→ e5,
(e3, e3) 7→ −e1
defines smooth metric deformation to the family g32|4(λ) around g
3
2|4(0) = g
2
2|2
⊕
C0|2.
Note that g32|4(λ)
i≃ g32|4(λ−1) (λ 6= 0) [6]. An isomorphism can be given by
φ : g22|4 −→ g32|4
(
1√
t
)
−2te1 7→ e1,
1√
t
e2 7→ e2,
e3 +
√
te5 7→ e3,
−2
√
te4 7→ e4,
e3 −
√
te5 7→ e5,
e6 7→ e6.
Theorem 3.4.13. Metric deformations of the family g32|4(λ) (λ 6= 0) are the following:
(1) The generic element for λ 6= ±1 has smooth metric deformation to the family g32|4(λ)
around itself.
(2) The special element g32|4(1)
i≃ g32|4(−1) has smooth metric deformation to the family
g32|4(λ) around itself and it has jump metric deformation to g
4
2|4.
Proof. Note that the case λ = 0 is generally excluded from this family, because g32|4(0) =
g22|2
⊕
C0|2. Beside that, in the cases λ = ±1, the cohomology and deformation patterns
are not generic.
(1) The even part of the 2-cohomology space is 2-dimensional. Only one of them defines
smooth metric deformation around itself of the form
f :
{
(e2, e3) 7→ e3,
(e2, e5) 7→ −e5.
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An isomorphism can be given by
φ : g32|4(λ) −→ g32|4
(
λ
1 + t
)
(1 + t)e1 7→ e1,
1
1 + t
e2 7→ e2,
(1 + t)e3 7→ e3,
e4 7→ e4,
e5 7→ e5,
e6 7→ e6.
(2) Because of the i-isomorphism, it is sufficient to consider g32|4(1). The even part of
the 2-cohomology space is 4-dimensional. Among these, we have the two generic cocycles
as before. Only one of them leads smooth metric deformation around itself (see (1)). The
two other cocycles
f1 :
{
(e2, e4) 7→ e3,
(e2, e5) 7→ −e6,
f2 :
{
(e2, e3) 7→ e4,
(e2, e6) 7→ −e5,
both define jump metric deformations. The first one deforms to g42|4, via the isomorphism
φ1 : g
3
2|4 (1) −→ g42|4
te1 7→ e1,
e2 7→ e2,
te3 7→ e3,
e4 7→ e4,
e5 + te6 7→ e5,
te6 7→ e6.
The second one deforms to the same one, via the isomorphism
φ2 : g
3
2|4(1) −→ g42|4
te1 7→ e1,
e2 7→ e2,
te4 7→ e3,
e3 7→ e4,
e6 + te5 7→ e5,
te5 7→ e6.
Theorem 3.4.14. The algebra g42|4 has smooth metric deformation to the family g
3
2|4(λ)
around λ = ±1.
Proof. The even part of the 2-cohomology space is 2-dimensional. Out of these, only one
cocycle
f :

(e2, e3) 7→ e4,
(e2, e6) 7→ −e5,
(e3, e6) 7→ e1,
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defines smooth metric deformation to the family g32|4(λ) around λ = 1. An isomorphism
can be given by
φ2 : g
4
2|4 −→ g32|4
(
1−√t
1 +
√
t
)
−2
√
t(1 +
√
t)e1 7→ e1,
1√
t+ 1
e2 7→ e2,
e3 +
√
te4 7→ e3,
−e3 +
√
te4 7→ e4,
−e6 −
√
te5 7→ e5,
−e6 +
√
te5 7→ e6.
Theorem 3.4.15. The algebra g52|4 has jump metric deformations to g
2
2|4 and g
3
2|4(i)
(i2 = −1).
Proof. The even part of the 2-cohomology space is 4-dimensional. Out of these, the cocycle
f1 :
{
(e2, e5) 7→ e3,
(e5, e5) 7→ e1,
defines jump metric deformation to g22|4. An isomorphism can be given by
φ1 : g
5
2|4 −→ g22|4
−2e1 7→ e1,
1√
t
e2 7→ e2,
−
√
2
t
e6 7→ e3,
e3 +
1√
t
e5 − 1
t
e6 7→ e4,√
2
t
e5 −
√
2te4 7→ e5,
e3 − 1√
t
e5 − 1
t
e6 7→ e6.
Another cocycle
f2 :
{
(e2, e6) 7→ e4,
(e6, e6) 7→ e1,
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defines jump metric deformation to g32|4(i), i
2 = −1. An isomorphism can be given by
φ2 : g
5
2|4 −→ g32|4(i)
−4e1 7→ e1,
(−t)− 14 e2 7→ e2,
e3 + (−t)
1
4 e4 + (−t)−
1
4 e5 − (−t)−
1
2 e6 7→ e3,
ie3 − (−t)
1
4 e4 + (−t)−
1
4 e5 + i(−t)−
1
2 e6 7→ e4,
e3 − (−t)
1
4 e4 − (−t)−
1
4 e5 − (−t)−
1
2 e6 7→ e5,
e3 − i(−t)
1
4 e4 + i(−t)−
1
4 e5 + (−t)−
1
2 e6 7→ e6.
3.5 Conclusions
In our results, any metric deformation is the first order deformation. We summarize the
metric deformation picture of low-dimensional metric Lie superalgebras in the table below.
Dimension Algebra dim H2
0¯
Jump deformation Smooth deformation
2|2 g12|2 4 g22|2 −
2|2 g22|2 1 − −
3|2 osp(1, 2) 0 − −
3|2 sl(2,C)⊕C0|2 0 − −
3|2 g12|2
⊕
C1|0 9 g
2
2|2
⊕
C1|0 −
3|2 g22|2
⊕
C1|0 4 − −
4|2 osp(1, 2)⊕C1|0 0 − −
4|2 sl(2,C)⊕C1|2 7 − −
4|2 b⊕C0|2 9 sl(2,C)⊕C1|2 −
4|2 g12|2
⊕
C2|0 19 g
2
2|2
⊕
C2|0 −
4|2 g22|2
⊕
C2|0 12 − −
4|2 g14|2 3 − g24|2(0) = b
⊕
C0|2
4|2 g24|2(λ), λ 6= 0,±12 2 − g24|2(λ)
4|2 g24|2(12 ) 4 g34|2 g24|2(12)
4|2 g24|2(−12 ) 4 g34|2 g24|2(−12)
4|2 g34|2 2 osp(1, 2)
⊕
C1|0 −
2|4 g12|2
⊕
C0|2 19 g
2
2|2
⊕
C0|2 −
2|4 g22|2
⊕
C0|2 8 − −
2|4 g12|4 9 g32|4(−1), g52|4 −
2|4 g22|4 3 − g32|4(0) = g22|2
⊕
C0|2
2|4 g32|4(λ), λ 6= 0,±1 2 − g32|4(λ)
2|4 g32|4(1)
i≃ g32|4(−1) 4 g42|4 g32|4(1)
2|4 g42|4 2 − g32|4(1)
2|4 g52|4 4 g22|4, g32|4(i), i2 = −1 −
TABLE 2. Metric Deformations of Low-Dimensional Metric Lie Superalgebras
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